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Abstract

I investigate the Sine-Gordon equation as a model for a long Josephson

junction. This is achieved through a build up of pendulum systems, which

is well known to be analogous of the Josephson junction through the use of

the same equation as a basis for its model. Phase plane analysis determines

the nature of the systems on the two dimensional scale and canonical

conversion is used to apply this to the Sine-Gordon equation. Finally the

Hamiltonian of the Long Josephson Junction is used to discover the

relationship between the bias current and the velocity of a fluxon within

the system.
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1 Introduction

A Josephson junction is a physical system whereby two superconducting

materials are separated by a thin insulator. This insulator is thin enough as

to allow for quantum tunnelling to occur between the superconductors, in

this case for quanta of electromagnetic flux. This tunnelling occurs due to

the overlapping of the wave functions from the electrons in the two

superconductors[1] and is known as the Josephson Effect. Built upon BCS

theory, a theory of superconductivity[2], the effect was discovered by

Josephson in the 1960’s and is a quantum mechanical effect that allows

paired electrons called ’Cooper pairs’ to jump the thin barrier between the

superconductors. There are two categories of Josephson Effect; the DC

Josephson Effect where a current flows through the barrier without any

potential difference in the superconductors and the AC Josephson Effect

where a potential difference creates an oscillating current. There are also

different types and variations of Josephson junctions; these depend on the

lengths of dimensions (long and short), the materials used affecting the

temperature state of the superconductors, the material of the insulation or

the shape and alignment of the structure.

In this study we shall look at the Long Josephson Junction which gives rise

to the fluxon, a circulating current within the barrier itself. A long
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Josephson junction is created when one of the dimensions say x is very

large with respect to the ’Josephson penetration depth’ λJ . This

penetration depth is the distance the magnetic field penetrates into the

junction[1]. This system now establishes the existence of fluxons which can

be modelled as soliton solutions to the non-linear Sine-Gordon equation.

This mathematical model accounts for the physical attributes of the long

Josephson junction with time and space dependencies as well as damping

and driving forces that can be involved. The damping would be due to the

resistance experienced for particle movement or ’tunnelling’ and a current

can be injected into the system to force the movement of the fluxon.

In sections 2-4 we shall analyse simpler pendulum systems to obtain a

greater understanding of the Sine-Gordon equation as a model. This is

achieved via phase plane analysis gaining qualitative information for greater

insight into the effects of damping and driving forces. Then we shall look at

the perturbed Sine-Gordon equation in section 5 as a model for long

Josephson junctions and perform similar methods as before to determine

the nature of the system as well as using some numerical analysis. Finally

in section 6 we will use perturbation theory in connection with the energy

of the system to find the characteristics of fluxons in long Josephson

Junctions.
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2 The Simple Pendulum

We shall start our modeling here with the simple, unperturbed, single

pendulum. It is easiest to derive the equation for this with help from a

diagram and in fact there are many ways to obtain the equation from

different methods.1

In our model we shall assume:

• The pendulum to have a massless rod or taught string to be of

negligible weight, with length l.

• The ball to be of mass, m.

• Friction and air resistance to be negligible.

Using Newtonian mechanics we can derive a model from Figure 1.

As l is assumed to be of constant length, then it follows that the

component force in the cos θ direction is also constant (i.e. there is no

acceleration parallel to θ). However, there is acceleration perpendicular to θ

in the direction corresponding to the force mgsin θ, with the force being in

the negative direction to θ.

F = −mg sin θ (2.1)

1Three well known ways to this are: by the method shown here using forces, by using
the basic energy principle and by using Hamiltonian’s with θ and momentum with respect
to θ as the coordinates.
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Figure 1: The Simple Pendulum shown with component forces

By using Newton’s Second Law in the form Force = mass× acceleartion

a = −g sin θ (2.2)

We also know the arc length is the radius by the angle (s = l× θ). Then by

calculus the velocity is:

v =
ds

dt
= l

dθ

dt
(2.3)

Differentiating with respect to time once more gives the acceleration.

a = l
d2θ

dt2
(2.4)
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Then by setting equations (2.2) and (2.4) equal, one finds the 2nd order

Ordinary Differential Equation (ODE) modeling the simple pendulum.

d2θ

dt2
= −g

l
sin θ (2.5)

Equation (2.5) can now be normalised by the substitution t = 1
2
τ 2 [3].

2.1 Phase Plane Analysis of the Simple Pendulum

Using phase plane analysis we can build a qualitative view of the solution

space for the pendulum. Finding the details can be accomplished in several

stages and depending on the system’s nature will determine the depth of

our analysis. Firstly we shall define the functions f(u, v) and g(u, v) to be

du
dt

and dv
dt

respectively and note that θ ≡ u and θt ≡ v. Now we have a

planar system of ODE’s:

f(u, v) =
du

dt
= θt

2 = v (2.6)

g(u, v) =
dv

dt
= − sin θ = − sinu (2.7)

2Where θt denotes dθ
dt in the common subscript notation.
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It can be useful to notice that as this particular system is first order and

autonomous it can also be described by the function:

F (u, v) =
dv

du
≡ g(u, v)

f(u, v)

2.1.1 The Nullclines of the Simple Pendulum

The nullclines are represented by setting (2.6) and (2.7) to zero, thus

separating the phase space into regions where the direction of the solutions

differ. This can be thought of as similar to the turning points of a function

and will give a general outline of the overall space.

Cu = v = 0 (2.8)

Cv = − sinu = 0 (2.9)

Equilibrium points3 are found where the nullclines cross. So from (2.8) and

(2.9) it is clear the nullclines cross where sin θ = sinu = 0 and θt = v = 0.

Then equilibrium points are where:

θ = nπ, n ∈ Z (2.10)

3Also known as fixed or invariant points.
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Figure 2: Phase plane with nullclines

2.1.2 The Jacobian Matrix for the Simple Pendulum

Now that we know the equilibrium points we must linearise the system to

establish their nature. This is achieved via use of the Jacobian Matrix[4]

written in the form:

J =

 fu fv

gu gv


(u∗,v∗)

(2.11)

Using the subscript notation to define the partial derivatives and where u∗

and v∗ are the u and v coordinates for equilibrium points.

10



So using the definitions from equations (2.6) and (2.7) we can find the

partial derivatives of f(u, v) and g(u, v) with respect to u and v to give the

generic Jacobian Matrix for this case.

fu = 0, fv = 1, gu = − cos, gv = 0

Substituting the partial derivatives into J we obtain the general Jacobian

matrix for the simple pendulum.

J =

 0 1

− cosu 0


(u∗,v∗)

(2.12)

Our u and v correspond to the variables θ and θt respectively. At an

equilibrium point the velocity, which is our θt or v, must always be zero4.

When using the Jacobian in this way we can use the relationship of the

determinant and trace of the matrix to categorise some important qualities

about the equilibria. The trace, referring to the sum of the diagonal

elements, implies the stability or instability of the point when it is negative

(stability) or positive (instability). In this case we are currently unsure of

the stability of the equilibria as the trace is zero, but later we shall classify

the stability via a more in depth method. If the determinant of the

4This nullcline can see from Figure 2 as the x-axis which is coloured pink.
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Jacobian is negative we can label the equilibrium point as a saddle. A

positive determinant shows the linearisation of the point can be nodal,

spiral or even a centre (Figure3) and requires more work to determine the

local characteristics around the point.

As sine is a periodic function the solution space also has the same periodic

attributes. However, within the 2π period of sine there are two different

solutions for (2.9) and so there are two different equilibrium points in the

phase plane. In this case these are at even (2n) and odd (2n+ 1) amounts

of π.

J =

 0 1

−1 0

 J(2nπ,0) (2.13)

J =

 0 1

1 0


(2n+1π,0)

(2.14)
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Figure 3: Classification scheme for equilibrium points of planar systems of
linear O.D.E’s

2.1.3 Eigenvalues of the Jacobian Matrix

If we find the eigenvalues for each Jacobian we will be able to fully classify

the local behaviour of the system near to each point.

J− λI =

 0− λ 1

−1 0− λ


(2nπ,0)

(2.15)

Let (2.15) be called matrix Meven. Then the characteristic equation is the

determinant of M and the eigenvalues are the solutions for λ.
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Det(Meven) =

∣∣∣∣∣∣∣∣
0− λ 1

−1 0− λ

∣∣∣∣∣∣∣∣
= λ2 + 1 = 0⇒ λ = ±i

As both eigenvalues are purely imaginary the equilibrium points are known

as centres (Figure 4).

Figure 4: The linearisation of the even pi equilibrium points following (2.13)
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So similarly for n being odd.

J− λI =

 0− λ 1

1 0− λ


((2n+1)π,0)

(2.16)

Det(Modd) =

∣∣∣∣∣∣∣∣
0− λ 1

1 0− λ

∣∣∣∣∣∣∣∣ = λ2 − 1 = 0

⇒ λ = ∓1 (2.17)

Both eigenvalues being real but of different sign imply it is a saddle point.

This agrees with the determinant theory discussed earlier.
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Figure 5: The linearisation of the odd pi equilibrium points following (2.14)

With this knowledge we can now show how the phase plane will look and so

the qualitative behaviour of the system is clear. Within the green solutions

the pendulum will oscillate, below those solutions full rotation around the

equilibrium in the clockwise direction and above the green indicates full

anti-clockwise rotations.
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Figure 6: Phase plane of single pendulum. Red points are the equilibrium
points, blue solution curves and green curves represent the boundary of
stable/unstable solution spaces.

Note: The M file pplane8.m was used in Matlab to create these diagrams. In all
the phase plane diagrams I have produced, the x-label and y-label represent u and v
respectively.

3 The Damped Pendulum

The simple pendulum is not a realistic model as it assumes no loss of

energy to the exterior environment. We must introduce a term to model

the behaviour of air resistance or friction for the model to be more
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representative of real life.

θtt = − sin θ − αθt, α > 0 (3.1)

The αθt term is the resistance proportional to the velocity. By saying alpha

is positive the term must have a minus sign to work against the direction of

motion.

3.1 Phase Plane Analysis of the Damped Pendulum

To see how our system differs from before we shall go through the same

process to produce a phase portrait. Again set our planar system of

nonlinear ODEs:

f(u, v) = θt (3.2)

g(u, v) = − sin θ − αθt (3.3)

We know that the equilibrium points are found by setting f(u, v) = g(u, v),

so by 3.2 and 3.3:

v = − sinu− αv

v(1− α) = − sinu (3.4)
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We know from section 2, v = 0 at an equilibrium point so from (3.4) it is

clear that we have the same set of points to analyse.

v = 0 ⇒ sinu = 0

u = nπ, n ∈ Z

This time, however, we will have a different nullcline (Figure 7) and

Jacobian so the linearised points may produce different results and show

that our system has altered.

Figure 7: Nullclines for the Damped Pendulum.
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3.1.1 The Jacobian Matrix for the Damped Pendulum

Again we find our partial derivatives to plug into the matrix.

fu = 0, fv = 1, gu = − cosu, gv = −α

Giving:

J =

 0 1

− cosu −α


(u∗,v∗,)

(3.5)

Analysing the equilibria at the points where u = (2n+ 1)π we find them to

have a similar linearisation to the simple pendulum from Figure 5.

J =

 0 1

1 −α


(2n+1)π,0)

(3.6)

Det(J(2n+1π,0)) = −1

From Figure 3 this point can be classified as a saddle point without any

further analysis required and finding the eigenvalues for this matrix is

superfluous unless one required much more detail close to the point.

20



3.1.2 Eigenvalues for the Damped Pendulum

When studying the points (2nπ, 0) it is necessary to establish the

eigenvalues to determine the linearisation.

J =

 0 1

−1 −α


(2nπ,0)

(3.7)

Det(J− λI) =

∣∣∣∣∣∣∣∣
0− λ 1

−1 −α− λ

∣∣∣∣∣∣∣∣
Thus giving the characteristic equation.

λ2 + αλ+ 1 = 0

Using the quadratic formula.

λ1 =
−α−

√
α2 − 4

2
(3.8)

λ2 =
−α +

√
α2 − 4

2
(3.9)

There are three possible ranges for the eigenvalues relating to light or heavy

damping, but ordinarily alpha is small enough so that α2 < 4 (i.e. light
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damping). This would mean that both eigenvalues for the even pi

equilibrium points have a real and imaginary part given that we defined

α > 0. The imaginary part implies a rotation and the real part implies

movement radially so the linearisation is a spiral (Figure 8).

Figure 8: The linearisation of a spiral sink.

Now all the equilibria have been linearised we build up a picture of the

phase plane.
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Figure 9: Phase plane of damped pendulum.

4 The Damped Pendulum with a Constant

Driving Force

We introduce a constant term gamma representing a driving force. As it is

a constant note there is no dependence on time or x.

θtt = − sin θ − αθt + γ, α, γ > 0 (4.1)
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4.1 Phase Plane Analysis for the Forced and Damped

Pendulum

Creating the system of planar ODEs we get:

f(u, v) = v (4.2)

g(u, v) = − sinu− αv + γ (4.3)

We set them equal to find where the nullclines cross and hence the

equilibrium points.

f(u, v) = g(u, v)

⇒ v = − sinu− αv + γ

Equilibrium points where v = 0

⇒ sinu = γ

⇒ u = arcsin(γ) (4.4)

So for an Equilibrium point to exist the condition on gamma is:

−1 ≤ γ ≤ 1. Furthermore, the phase space is symmetric so we can take

0 ≤ γ ≤ 1 as the negatives would just be a force in the opposite direction.
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In the previous models we have had two different types of equilibria relating

to different set of points within each model. Here only one set of points has

been discovered in this model so far. To find the other set we must look at

the nature of the sine function.

Figure 10: Inverse Sine function on the range−π to π with γ on the horizontal
axis and u on the vertical.

It can now be seen that for a fixed γ there are two sets of solutions for u.

1. u = arcsin(γ)

2. u = π − arcsin(γ)

4.1.1 The Jacobian Matrix for the Forced and Damped

Pendulum

fu = 0, fv = 1, gu = − cosu, gv = −α

So J is the same as for the damped pendulum but the equilibrium points
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have shifted due to the constant gamma.

J =

 0 1

− cosu −α


(u∗,v∗,)

(4.5)

To find the eigenvalues in a useable form we need to simplify gu. Using

(4.4) as our first set of points:

gu = − cosu = − cos(arcsin(γ))

This can be converted by rearranging the identity cos2 u+ sin2 u = 1 to:

cosu =
√

1− sin2 u

Then let sinu = γ and substitute so

gu = −
√

1− γ2

Similarly for the set of points u = π − arcsin(γ) we get:

cos(π − u) = −
√

1− γ2

But cos(π − u) = − cosu.
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So our Jacobian Matrices will be:

J =

 0 1

−
√

1− γ2 −α


(arcsin[γ],0)

(4.6)

J =

 0 1√
1− γ2 −α


(π−arcsin[γ],0)

(4.7)

Both matrices have a trace less than zero implying stability of the points,

however, the determinant of (4.7) is less than zero as well. So all of the

points in the phase plane where u = π − arcsin(γ) are saddle points and

more analysis is needed to determine the nature of the points where

u = arcsin(γ).

(4.6) has the following characteristic equation:

λ2 + αλ−
√

1− γ2 = 0 (4.8)

Using the quadratic formula to solve (4.8).

λ =
−α ±

√
α2 − 4

√
1− γ2

2
(4.9)

λ1 =
−α−

√
α2 − 4

√
1− γ2

2
(4.10)
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λ2 =
−α +

√
α2 − 4

√
1− γ2

2
(4.11)

This gives three possible cases for the eigenvalues depending on the values

of γ and α.

1. In this instance if α2 < 4
√

1− γ2 then both λ1 and λ2 have and

imaginary part thus implying the point to be a stable spiral(see

Figure 11).

2. If α2 = 4
√

1− γ2 then there is only one real eigenvalue, −α
2
, so the

point is a stable degenerate node.

3. If α2 > 4
√

1− γ2 then we have two real eigenvalues of the same sign

so it is a stable node(see Figure 12).

Cases 2. and 3. occur rarely and relate to a heavy damping as well as a

driving force near to 1.
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Figure 11: Case 1. Phase Plane with light damping

Figure 12: Case 3. Phase Plane with heavy damping and γ = 0.98
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5 Modeling The Josephson Junction

To model our Josephson Junction we shall take a form of the Sine-Gordon5

equation.

φxx − φtt = sin θ6 (5.1)

Ours will be modified to more accurately represent a long Josephson

junction. So the SG equation we shall analyse is:

φxx − φtt − sinφ− αφt + γ = 0 (5.2)

φ - the phase difference, similar to the theta in the pendulum model but

dependent on the difference between the electronic wave functions in

the two superconductors.

α - damping coefficient of quasi-particle tunnelling.

γ - driving due to normalised biased current.

The previous methods of phase plane analysis cannot be used on this

equation due to the introduction of the φxx term. Taking (5.2) we can

convert into canonical form and reduce the x and t coordinates to just ξ.

This equation will have the same properties and solutions.

5May be abbreviated to SG for the purposes of this project.
6This is the basic form of the Sine-Gordon equation, developed from the earlier Klien-

Gordon equation.
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5.1 The Sine-Gordon Equation in Canonical Form

Define: ξ = x− ct (5.3)

Then via the chain rule:

∂

∂x
=

∂

∂x
× ∂x

∂ξ
=

∂

∂ξ
(5.4)

So from (5.4):

∂2φ

∂x2
=
∂2φ

∂ξ2
(5.5)

Similarly using the chain rule for t:

∂

∂t
=
∂ξ

∂t
× ∂

∂ξ
= −c ∂

∂ξ
(5.6)

⇒ ∂2φ

∂t2
= c2

∂2φ

∂ξ
(5.7)

Using (5.5) (5.6) and (5.7) and substituting into our SG equation (5.2) we

obtain the equation in the canonical form.

(1− c2)φξξ + cαφξ − sinφ+ γ = 0 (5.8)

Then Normalising (5.8) by the substitution ξ =
√

1− c2ξ̃ we get the
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equation in canonical form ready for use with phase plane analysis.

φξ̃ξ̃ +
αc√

1− c2
φξ̃ − sinφ+ γ = 0 (5.9)

5.2 Phase Plane Analysis of the Sine-Gordon

Equation in Canonical Form

Define the system of planar ODEs:

f(u, v) = φξ̃ = v (5.10)

g(u, v) = φξ̃ξ̃ = sinu− αc√
1− c2

v − γ (5.11)

This system has similar properties to our forced and damped pendulum as

only the coefficients differ. We find that providing 0 < |c| < 1 the

equilibrium points and the types of linearisation are the same.

J =

 0 1

±
√

1− γ2 −αc√
1−c2


(u∗,0)

(5.12)

32



And from (5.12) we get saddle points when u = π − arcsin[γ] and when

u = arcsin[γ] the eigenvalues are:

λ =

−αc√
1−c2 ±

√
α2c2

1−c2 − 4
√

1− γ2

2
(5.13)

So the phase plane has the same qualitative properties as in section 4.

We look for when values of c give us a heteroclinic orbit[5] between the

saddle equilibrium points. This is displayed in Figure 13.

Figure 13: The Stable/Unstable solution paths.
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α fixed variable γ value of c

0.1 0.50 0.971478

0.1 0.10 0.618

0.1 0.09 0.578

0.1 0.08 0.5326

0.1 0.07 0.482

0.1 0.06 0.428

0.1 0.05 0.367

0.1 0.04 0.300

0.1 0.03 0.230

0.1 0.02 0.155

0.1 0.01 0.080

The table above shows the values of c that give a heteroclinic orbit when

the other parameters are fixed. Alpha (α) remains entirely fixed as this

parameter is dependent on the material and physical properties of the

Josephson junction, whereas γ, the bias current, could be altered at any

moment.
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6 Perturbation Theory

The perturbation theory we will discuss here are the foundations of the

analysis for long Josephson junctions and was first covered in 1978 by

McLaughlin and Scott[6]. Eq.(5.2) can be written as a Hamiltonian system

for (φ, φt) with the Hamiltonian.[7]

H =

∫
(
1

2
φ2
x +

1

2
φ2
t + 1− cosφ)dx (6.1)

For a Long Josephson Junction, due to the comparable lengths involved, we

can say |x| → ∞ and thus φx → 0.

dH

dt
=

∫ ∞
−∞

 d

dt
(
1

2
φ2
x)︸ ︷︷ ︸

1
2
(φxφxt+φxtφx)

+
d

dt
(
1

2
φ2
t )︸ ︷︷ ︸

1
2
(φtφtt+φttφt)

+
d

dt
(1− cosφ)︸ ︷︷ ︸
− ∂φ
∂t

∂ cosφ
∂φ

 dx

=

∫ ∞
−∞

φxφxt︸ ︷︷ ︸
ByParts

7

dx+

∫ ∞
−∞

φt(φtt + sinφ)dx

=

∫ ∞
−∞

φt(−φxx + φtt + sinφ︸ ︷︷ ︸
= γ αφt

)dx = 0 (6.2)

So the result for (5.8)

7
∫∞
−∞ φxφxtdx = φxφt|∞−∞︸ ︷︷ ︸

=0

−
∫∞
−∞ φxxφtdx
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dH

dt
=

∫ ∞
−∞

(−αφ2
t + φt)dx (6.3)

The basis of perturbation theory is to use the well known solution to the

unperturbed Sine-Gordon equation (5.2) as an approximation to the

solution for the perturbed equation[8].

φ(xo, t) = 4 arctan

[
exp

(
x− ct− x0√

1− c2

)]
[9] (6.4)

This can be put in as our approximate solution for the unperturbed

equation as our α and γ are relatively small. So putting (6.4) into (6.3)

dH

dt
= −α

(
8c2√
1− c2

)
+−2γπc (6.5)

And by using (6.4) as a solution in our Hamiltonian (6.1) we get the energy

of the system as

H =
8√

1− c2
(6.6)

And now differentiating with respect to t and using the chain rule dH
dv
× dv

dt

dH

dt
=

8c

(1− c2) 3
2

× dc

dt
(6.7)

So equating (6.5) and (6.7) converts the insolvable PDE to a very simple
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and solvable ODE.

dc

dt
= −αc(1− c2)− 1

4
γπ(1− c2)

3
2 (6.8)

We can assume the fluxon travels at a constant velocity so dc
dt

= 0 and we

obtain the relationship between the bias current (γ) and the velocity of the

fluxon (c).

γ =
4αc

π
√

1− c2
(6.9)

7 Conclusion

From this report the foundations for the analysis of long Josephson

junctions have been made. Sections 2-4 have helped our understanding and

development of the components to the modified Sine-Gordon equation that

models our long Josephson junction. We have analysed the canonical form

of the perturbed Sine-Gordon equation using the system of planar Ordinary

Differential Equations for phase plane analysis. This has allowed us to find

numerical solutions of the fluxon velocity when the parameters are fixed. In

the previous section we used perturbation theory and the exact solution of

the pure Sine-Gordon equation to find the power balance for the bias
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current and fluxon velocity. More research can be done following this

section to discover the possible effects from multiple fluxons within the

system.

To increase this study of the characteristics of fluxons in long Josephson

junctions there are many areas to research. The next obvious step would be

to look at the effects of changing the γ variable indicating an increase of the

bias current that forces the fluxon. Following this I would introduce the

notion of a finite length of x and study the fluxon characteristics at the

boundary. There are also two other types of solution to the Sine-Gordon

equation one often called a ’breather’ solution or ’plasma wave’ and the

other called a ’McCumber’ or ’resistive’ solution. Other states and

parameters can be analysed, for instance the idea of a time dependent driver

like γ(t) would introduce the field of bifurcations and chaos. As mentioned

in the introduction there are also many different systems of Josephson

junctions that can be created so the study has much more depth to explore.
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